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Abstract: Based on Jumarie type of Riemann-Liouville (R-L) fractional calculus, this paper provides several
examples to illustrate how to use fractional Laplace transform to find the solution of linear system of fractional
differential equations. A new multiplication of fractional analytic functions plays an important role in this article.
In fact, our results are generalizations of those results in ordinary differential equations.
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I. INTRODUCTION

In 1695, the concept of fractional derivative first appeared in a famous letter between L’Hospital and Leibniz. Many great
mathematicians have further developed this field, such as Euler, Lagrange, Laplace, Fourier, Abel, Liouville, Riemann,
Hardy, Littlewood, and Weyl. In the last decades, fractional calculus has played a very important role in physics, dynamics,
electrical engineering, viscoelasticity, economics, biology, control theory, and other fields [1-10]. However, the definition
of fractional derivative is not uniqgue. Common definitions include Riemann Liouville (R-L) fractional derivative, Caputo
fractional derivative, Grunwald Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L fractional derivative [11-
15]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is
easier to use this definition to connect fractional calculus with traditional calculus.

In this paper, based on Jumarie’s modification of R-L fractional calculus, some examples are provided to illustrate how to
use fractional Laplace transform method to solve linear system of fractional differential equations. A new multiplication of
fractional analytic functions plays an important role in this paper. Moreover, our results are natural generalizations of those
results in ordinary differential equations.

I1. DEFINITIONS AND PROPERTIES
Firstly, we introduce the fractional calculus used in this paper and some important properties.

Definition 2.1 ([16]): Suppose that 0 < @ < 1, and ¢, is a real number. The Jumarie’s modified R-L a-fractional derivative
is defined by

(tng)[f(t)] __1 iftto f(x)—f(to) dx, Q)

r(1-a)dt (t—x)*

And the Jumarie type of R-L a-fractional integral is defined by

(O] = — [ L& _dx, @)

I'(a) “to (t—-x)1~¢
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where I'( ) is the gamma function.

Proposition 2.2 ([17]): If a,B,t,, ¢ are real numbersand 8 = a > 0, then

(oDt = 00)] = s (6 = 2P, @)

and
(¢,D)lel = 0. (4)
In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([18]): Assume that t, t,, and a, are real numbers for all k, t, € (a,b), and 0 < a < 1. If the function

fu:la, b] = R can be expressed as an a-fractional power series, that is, £, (t%) = Y- OI‘(T-{—l)(t — to)** on some open

interval containing t,, then we say that f, (t%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

Definition 2.4 ([19]): If 0 < a < 1, t, is a real number, and f,(t*) and g, (t%) are two a-fractional analytic functions
defined on an interval containing ¢, ,

Falt) = S s (6 = 1) = S0 % (i (e = 1)) 5)
() = T res (6 = 1) = X0 2% (s (t—to)“)®k. ©6)
Then
fa(t%) @ gao(t?)

— ka ka
= Zi- 0F(ka+1) (t =)™ ® Xi- 0F(ka+1) (t =)

oo k
= S0y (Zmo () Grombim ) (€ = t) ™. Y
In other words,
fa () & ga(t™)
_ ag ®k o bk
= Ziczo, (F(a+1) (¢~ to)a) ® kot (F(a+1)( B tO)a)
w0 1 k ®k
= 502 (Zhco (X) @embn) (s (£ = 1)) (®)
Definition 2.5 : The Mittag-Leffler function is defined by
Zk
Ea(z) = ZIO(O=O l"(ka+1)’ (g)

where «a isareal number, a > 0, and z is a complex number.

kika
Definition 2.6 ([19]): If 0 < a < 1, and p, ¢ are real numbers. E, (pt%) = ¥, -2—

- is called a-fractional exponential
I'(ka+1)

function, and the a-fractional cosine and sine function are defined as follows:

(—1)kp2kt2k“

€054 (Pt?) = Lo Fprars (10)
and
. o (—1)kp2k+1t(2k+1)“
sing(Pt*) = Xkmo™ T ernarn (11)
The following is the definition of fractional Laplace transform.
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Definition 2.7 ([20]): Suppose that 0 < a < 1, s isareal variable, and f,(t%) is an a-fractional analytic functions defined
for all t = 0. The function F, (s) defined by the a-fractional improper integral ( 0Ij’_‘oo)[ Eq(—st®)Qf, (t¥)] is called the

a-fractional Laplace transform of the function f,, , and is denoted by L,{ £, (t®)}. That is,

Fu(s) = La{fa(ta)} = ( Olgoo)[Ea(_Sta)®fa(ta)]-

In the following, we introduce the major results in this paper.

(12)

Proposition 2.8 (linearity of fractional Laplace transform): The fractional Laplace transform is a linear operation, that is,
for any fractional analytic functions f,(t*) and g, (t®) whose fractional Laplace transforms exist, then for any constants
a and b, the fractional Laplace transform af, (t*) + b g,(t%) exists and

Lola fo(t™) + b go(t*)} = ale{ fa(t)} + bLo{ 9o (¢}

Theorem 2.9 ([20]): If 0 < a < 1, s,t,p, w are real numbers, t = 0, and n is a positive integer. Then

L, {1} = i , Where s > 0

L {E,(pt®)} = ﬁ , Where s > p

I'(na+1)
gn+1

L, {t"*} = , Where s > 0
Lo{cosy(wt®)} = ﬁ , where s > 0
Lo {sin, (wt*)} = ﬁ , where s > 0

Lo{cosh,(pt®)} = ﬁ , Where s > |p|

Ly{sinh,(pt*)} = # , Where s > |p|

L AE,(pt")®cos,(wt®)} = @_;;ﬁ , Where s > p

L AE,(pt*)®sin, (wt*)} = where s > p

(s-p)?+w?’

I11. RESULTS AND EXAMPLES

(13)

(14)
(15)
(16)
17)
(18)
(19)
(20)
1)

(22)

In this section, the main results are introduced and we provide some examples to illustrate how to use fractional Laplace
transform to solve linear system of fractional differential equations.

Definition 3.1: If 0 < a < 1, nis a positive integer. The matrix form of linear system of fractional differential equations

is

[xa(t9)]

(oDF)[xa(t)] = Alxa (D).

2(+a
Where x, (t*) = |x“(,t ) | and A4 is an n X n constant matrix.

lxg ('t“)J

(23)

Theorem 3.2: Let 0 < a <1 and I be the n X n identity matrix. Then the initial-value problem of linear system of

fractional differential equations

has the solution

(D)o (t9)] = Alx,(t®)] with initial value x, (0),

X (%) = LH{(sl — A)"1}x,(0).

Where L7 is the inverse a-fractional Laplace transform.

Proof By a-fractional Laplace transform, we obtain
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$Xq(s) = x4(0) = AX,(s). (25)
It follows that
(sI = A)Xo(s) = x,(0). (26)
And hence,
Xa(s) = (sI — A)7'x,(0). (27)
Finally, we have
xg (t9) = L' {Xa ()} = LH(sT — A) x4 (0)} = LM {(s] — A) ™ }x, (0). Q.ed.
Example 3.3: If 0 < @ < 1.Solve the initial-value problem of linear system of a-fractional differential equations
(oDF) XA (D] = =3+ x4(t) —x2(t™), x4(0) =1, (28)
(oDE)[xZ (D] = 2-x5(t"),  x5(0) =0. (29)
Solution Since the coefficient matrix of this linear system is
A= [‘23 ‘01] (30)
It follows that
sI—A
=S[(1> (1)]_[23 01]
= _+23 ﬂ (31)
And hence,
(s —A)t

= @ [; s_+13]

s -1
_ |+ (s+2)  (s+1)(s+2)
- 2 s+3

| (s+1)(s+2) (s+1)(s+2)]

[ -1 2 -1 1]
_ |s+1 s+2 s+1 S+2
— | 2 -2 2 -1 | (32)

| s+1 s+2  s+1 S+2]

Therefore, we obtain
La{(sl =A™

-1 2 -1 1

L—1 s+1  s+2  s+1  s+2
a 2 -2 2 -1

s+1 s+2  s+1 S+2

—E,(—t%) +2-E,(—2t%*) —E (—t%) +E,(—2t%)

T2 B (—t%) —2-E (—=2t%) 2-E (—t%) — E,(—=2t9)] (33)
So, the solution of this linear system is
xq (t9) = Lg*{(s] — A)™}x,(0)
_ [ —E (—t®) + 2 E,(—2t%) —E (—t*) + E,(—2t%) ] [1]
2 E (—t*) —2-Eo(—2t%) 2-E,(—t%) — E (=2t%)] 10
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-|, -%a((—tto?)tzz -%a((—zztt“)) ' (34)

That is,
xL(t%) = —Eo(—t*) + 2+ E,(—2t%), (35)
x2(t*) =2 E,(—t%) — 2 E,(—2t%). (36)

Example 3.4: Let 0 < a < 1.Find the solution of the initial-value problem of linear system of a-fractional differential
equations

a xa(t"‘)] 3 [xa(t"‘) [xé(O)] !
(o8 [ oy) =[5 ‘ol Lol =1l &7
Solution Since
sl—A
n 3 —4
=s[y 3-11 Zi
=" sidl (39)
It follows that
(s —A)™?
1 [s +1 -4 ]
T s2-25+1 1 s—3
[ s+1 -4
_ -2 (s-1)?
- 1 s-3
[(s-1)2  (s-1)?
[ 1 2 -4
_ s—_1+(s—1)2 0% | (39)

1 1 -2

(s—1)2 s—1 + (s—1)2

Thus,
LH{(sI — A)™'}

1 2 -4
-1 s—1 + (s—1)2 (s—1)2
=L L, -
(s—-1)2 s—1  (s—1)2

B E,(t*) +2- F( +1)t“®E (t%) —4- F(M) t*QE, (t%) 0
s F®EL () E(t%) = 2" s t°®E (%) |
Therefore, the solution of this linear system is
xq (t%) = Lg*{(s] — A)™}x,(0)
F (6 42— QB (%) 4 tO@E(tY) |
e F(a+1) @ F(a+1) @ ‘ 1
- 1
I 14 a ay _ R 8 s 4 a
l"(a+1)t ®E,(t%) E,(t*) -2 F(a+1)t ®E,(t%)
E,(t “)
= £ (1 “®E, (° . (42)
| Ed(t )—F( +1)t ®E, (%)
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Hence,

i 1
I'(a+1)

£%) ®F, (t%). (43)

x1(t%) = (1 -2 t“) ®E,(t%), (42)

-
I(a+1)

x2(t%) = (1

Example 3.5: Suppose that 0 < a < 1.Find the solution of the initial-value problem of linear system of a-fractional
differential equations

N EZGY) G 2(0) -
(oD) [ié(i“)] - [—53 —61] [ig(za)] ! [ﬁg(O)] =| 11] (44)
Solution Since

sl—A

=S[(1) (1)]_[_53 _61]

_[s—5 -6
13 s+1)F (45)

It follows that

(s —A)1

_ 1 s+1 6
T s2-4s+13 [ -3 s- 5]
s+1 6
_ | (s—=2)243%2  (5-2)2+32

- -3 s=5
(s—-2)%+32  (s-2)%2+32

5-2 3 ) 3
(s—-2)%+32  (s—2)2+32 (s—2)%+32
= _ 3 s=2 3 (46)
(s—2)%+32 (s—2)%+32  (5-2)%+32
Hence,
LH{(s1 — A)~1}
5-2 3 ) 3
-1 ) |5=2)%432  (s-2)2+32 (s—2)2+32
=L _ 3 s-2 3
(s—2)%+32 (s—2)%2+32  (s-2)%+32
_ [E“(Zt“)®cosa(3t“) + E,(2t*)®sin, (3t%) 2 E,(2t")®sin, (3t%) ] (47)
B —E,(2t*)@®sin, (3t%) E,(2t%)®cos,(3t%*) — E,(2t*)®sin, (3tY)]
Thus, the solution of this linear system is
xq (t%) = Lg*{(sI — A)™'}x,(0)
_ [Ea(Zt“)®cosa(3t“) + E,(2t*)®sin, (3t*) 2-E,(2t")®sin,(3t%) ] [—1]
B —E,(2t*)Q®sin, (3t%) E,(2t*)®cos,(3t*) — E,(2t*)®sin,(3t*)] L 1
_ [—Ea(Zt“)®cosa(3t“) + Ea(Zt“)®sina(3t“)] (48)
- E,(2t*)®cos, (3t%) '
Finally, we obtain
x2(t%) = (—cos, (3t%) + sin, (3t%))®E, (2t%), (49)
x2(t%) = cos,(3tY)QE, (t%). (50)
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IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus, some examples are given to illustrate how to use
fractional Laplace transform to solve linear system of fractional differential equations. A new multiplication of fractional
analytic functions plays an important role in this paper. In fact, the results we obtained are generalizations of those results
in ordinary differential equations. In the future, we will continue to use fractional Laplace transform to study the problems
in fractional differential equations and engineering mathematics.
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